Abstract. We provide an explicit description of homogeneous locally nilpotent derivations of the algebra of regular functions on affine trinomial hypersurfaces. As an application, we describe the set of roots of trinomial algebras.
Introduction
Let K be an algebraically closed field of characteristic zero and R be an algebra over K. A K-linear map δ : R → R is called a derivation of the algebra R if it satisfies the Leibniz rule, that is δ(f g) = δ(f )g + f δ(g) for any f, g ∈ R. A derivation δ is said to be locally nilpotent if for any f ∈ R there exists k ∈ Z 0 such that δ k (f ) = 0. Let K be an abelian group. An algebra R is said to be K-graded if R = w∈K R w and R w 1 R w 2 ⊆ R w 1 +w 2 for any w 1 , w 2 ∈ K. Elements of R w are called homogeneous of degree w ∈ K and R w is called the homogeneous component of R of degree w. The weight monoid is the set S = {w ∈ K | R w = 0}, the weight cone is the convex cone in the rational vector space K Q = K ⊗ Z Q generated by S. Every element of R has a decomposition into the sum of homogeneous elements, which are called its homogeneous components. An ideal I in R is said to be homogeneous if the homogeneous components of any element of I belong to I as well. In particular, any principal ideal generated by a homogeneous element is homogeneous. If I is a homogeneous ideal in R, then R/I inherits the grading from R.
A derivation δ of R is called homogeneous if it maps homogeneous elements of R to homogeneous ones. In this case, there exists an element w 0 ∈ K such that δ(R w ) ⊆ R w+w 0 for any w ∈ K. The element w 0 is called the degree of δ.
These notions have a geometric interpretation. Denote by X an irreducible algebraic variety over K and by G a = (K, +) the additive group of the ground field. It is known that locally nilpotent derivations of the algebra K[X] of regular functions on X are in oneto-one correspondence with regular G a -actions on X, see e.g. [5, Section 1.5] . Let H be a quasitorus, that is a direct product of a torus and a finite abelian group. Suppose that H acts on the variety X. Then we have a corresponding grading on the algebra K[X] by the group of characters K of the quasitorus H:
It can be proved that a locally nilpotent derivation of K[X] is homogeneous with respect to this grading if and only if the quasitorus H normalizes the corresponding G a -action on X. A description of homogeneous locally nilpotent derivations enables us to describe the automorphism group of an algebraic variety in some cases, see e.g. [2, Theorem 5.5] , [1, Theorem 5.5] .
Let us define a trinomial algebra. Fix n 0 , n 1 , n 2 ∈ Z >0 and denote n = n 0 + n 1 + n 2 . For each i = 0, 1, 2, fix a tuple l i = (l i1 , . . . , l in i ) ∈ Z n i >0 and define a monomial
A polynomial of the form g = T
is called a trinomial, the hypersurface X(g) given by {g = 0} in the affine space A n is a trinomial hypersurface, and the algebra R(g) := K[T ij ] / (g) of regular functions on X(g) is a trinomial algebra.
Our motivation to study trinomials comes from toric geometry. Consider an effective action T × X → X of an algebraic torus T on an irreducible variety X. The complexity of such an action is the codimension of a general T -orbit in X and equals dim X − dim T .
Actions of complexity zero are actions with an open T -orbit. A normal variety admitting a torus action with an open orbit is called a toric variety. Let X be a toric variety. Then G a -actions on X normalized by T (or, equivalently, locally nilpotent derivations of K[X] that are homogeneous with respect to the corresponding grading) can be described in terms of Demazure roots of the fan corresponding to X; see [4] , [16, Section 3.4] for the original approach and [13, 3, 2] for generalizations.
Let X admit a torus action of complexity one. A description of G a -actions on X normalized by T (or homogeneous locally nilpotent derivations of K[X]) in terms of proper polyhedral divisors may be found in [14] and [13] . It is an interesting problem to find their explicit form in concrete cases.
The study of toric varieties is related to binomials, see e.g. [18, Chapter 4] . At the same time, Cox rings establish a close relation between torus actions of complexity one and trinomials, see [10, 9, 8, 2, 7] . In particular, any trinomial hypersurface admits a torus action of complexity one.
We consider the fine grading on a trinomial algebra R(g), it is defined in Construction 1. This grading corresponds to an effective action of a quasitorus on the trinomial hypersurface X(g). The neutral component of the quasitorus is a torus of dimension n − 2, which acts on X(g) with complexity one.
In this paper, homogeneous locally nilpotent derivations of a trinomial algebra R(g) are described. It is proved that they are elementary (Theorem 1), see Section 3 for definitions. In [2, Theorem 4.3] 1 , this statement was proved for primitive derivations, i.e. for homogeneous derivations with the degrees not belonging to the weight cone of R(g). Every primitive derivation is locally nilpotent; the converse is false (see [19, Example 7] ). In [19] , Theorem 1 was proved for some classes of trinomial algebras R(g), including non-factorial algebras R(g). In this paper, we use this result and obtain a description in a general case. Specifically, we reduce the remaining case to a description of homogeneous locally nilpotent derivations for X = {x + y + z k = 0}, see Proposition 4 and Lemma 9. The degrees of homogeneous locally nilpotent derivations are called the roots of the variety X. This definition imitates in some sense the notion of a root from Lie Theory.
In [15] , A. Liendo gives a description of roots of the affine Cremona group. This answers a question due to Popov, see [17] . The proof is based on the classification of locally nilpotent derivations in the case of torus actions of complexity one given in [13] . In [11] , this result is obtained more directly.
Theorem 1 enables us to find roots of X(g), see Section 6. Besides that, Theorem 1 gives a description of locally nilpotent derivations and roots in some important particular cases, see Examples 2, 4, and 3.
The authors are grateful to Ivan Arzhantsev for useful discussions and comments and to the referee for careful reading of the paper and valuable suggestions.
Trinomial algebras
In this section, the fine grading deg on a trinomial algebra is defined and some properties of homogeneous elements are proved. Construction 1. Fix n 0 , n 1 , n 2 ∈ Z >0 and let n = n 0 + n 1 + n 2 . Consider the polynomial algebra
>0 and define a monomial T
. By a trinomial we mean a polynomial of the form
A trinomial hypersurface is the zero set X(g) = {g = 0} in the affine space A n . It can be checked that the polynomial g is irreducible, hence the algebra R(g) := K[T ij ] / (g) of regular functions on the trinomial hypersurface has no zero divisors. We call such algebras R(g) trinomial. We use the same notation for elements of K[T ij ] and their projections to R(g).
Following [8] , we consider a (2 × n)-matrix L corresponding to the trinomial g as follows:
Let L * be the transpose of L. Denote by K the factor group K = Z n / Im L * and by Q : Z n → K the canonical projection. Let e ij ∈ Z n be the canonical basis vectors. The equalities
define a K-grading on the algebra
Note that the sums l i1 Q(e i1 ) + . . . + l in i Q(e in i ) ∈ K are the same for i = 0, 1, 2. Hence g is a homogeneous polynomial and equalities (1) define a K-grading on R(g) = K[T ij ] / (g) as well. We call this grading the fine grading and denote the degree with respect to this grading by deg. The derivations that are homogeneous with respect to the fine grading are called finely homogeneous. 
is isomorphic to Z n−2 . Let us choose some basis {v ij , (i, j) / ∈ {(0, 1), (1, 1)}} of Z n−2 . We can define the grading explicitly via
v 2l , and deg T ij = v ij otherwise.
The following lemma states that the constructed grading deg is the finest grading on the algebra R(g) such that all generators T ij are homogeneous. It follows easily from the definition of the grading deg. Lemma 1. Let deg be the fine grading on the algebra R(g) defined in Construction 1 and deg ′ be any grading on R(g) by some abelian group such that all generators T ij are homogeneous. Then deg
In particular, any derivation that is homogeneous with respect to the fine grading deg is homogeneous with respect to the grading deg ′ as well.
For any algebra R graded by an abelian group, one can consider the subalgebra of degree zero fractions inside the field of fractions:
The following lemma is proved in [2, Proposition 3.4].
Lemma 2. Take any i, j ∈ {0, 1, 2}, i = j. Then the field of degree zero fractions of R(g) is the rational function field
For any w ∈ K, denote by R w the finely homogeneous component of R(g) of degree w.
1 ) for some homogeneous polynomial F in two variables and some h ∈ R w with dim R w = 1.
This follows from the proof of [2, Proposition 3.5].
1 ) for some homogeneous polynomial F in two variables and some u ij ∈ Z 0 .
Proof. Let h from Lemma 3 be equal to
h = s k=1 h k , where h k = 0 are non-proportional monomials in T ij and deg h k = deg h = w. Then dim R w = 1 implies h = h 1 .
Elementary derivations
The following construction is given in [2] and is described below in the case of trinomial hypersurfaces (in notation of [2] that is r = 2, A =
Construction 2. Let us define a derivation δ C,β of R(g). The input data are
• a sequence C = (c 0 , c 1 , c 2 ), where
It is clear that for β = 0 as above either all entries β i differ from zero or there is a unique i 0 with β i 0 = 0. According to these cases, we put further conditions and define: (i) if β i = 0 for all i = 0, 1, 2 and there is at most one i 1 with l i 1 c i 1 > 1, then we set
(ii) if β i 0 = 0 for a unique i 0 and there is at most one i 1 with i 1 = i 0 and
These assignments define a map δ C,β on the generators T ij . It can be extended uniquely to a derivation on K[T ij ] by Leibniz rule. One can check that δ C,β (g) = 0, whence constructed map induces a well-defined derivation of the factor algebra R(g).
Lemma 5. Every derivation of the form δ C,β of the algebra R(g) is homogeneous and locally nilpotent.
The proof is given in [2, Construction 4.2]. Let h ∈ R(g) be a homogeneous element in the kernel of a derivation δ C,β . The derivation hδ C,β is also locally nilpotent. Definition 1. We say that a derivation of a trinomial algebra R(g) is elementary if it has the form hδ C,β , where h is a homogeneous element in the kernel of δ C,β . In addition, elementary derivations of Type I are elementary derivations with δ C,β corresponding to case (i) in Construction 2; elementary derivations of Type II are elementary derivations with δ C,β corresponding to case (ii). Proposition 1. Let δ C,β be finely homogeneous locally nilpotent derivation of R(g) defined in Construction 2. Then h is a homogeneous element of Ker δ C,β if and only if
Proof. Let h be homogeneous, h ∈ Ker δ C,β . According to Lemma 4,
1 ) for some homogeneous polynomial F in two variables and some u ij ∈ Z 0 . Every homogeneous polynomial in two variables over an algebraically closed field can be decomposed in a product of linear polynomials. Hence
The kernel of a locally nilpotent derivation is factorially closed (see, for example, [5, Principle 1]). Thus h ∈ Ker δ C,β implies that all T ij with u ij > 0 in the first product and all
in the second product belong to Ker δ C,β as well. By definition of δ C,β ,
This yields that h has the required form.
Conversely, any h of such a form is homogeneous and belongs to Ker δ C,β , since all factors are of this kind. Example 1) . Let us find all elementary derivations of R(g). For any C = (c 0 , c 1 , c 2 ), 1 c i n i , we have l ic i = 1, so both cases of Construction 2 are possible.
(
Thus we have n 0 n 1 n 2 + n 0 n 1 + n 1 n 2 + n 2 n 0 classes of δ C,β . Applying Proposition 1 we obtain that every elementary derivation δ has the form δ = hδ C,β , where a homogeneous element h belongs to the kernel of corresponding δ C,β . In the above cases, an elementary derivation δ is of the following forms for some u ij , m ∈ Z 0 :
Main results
The following theorem is the main result of the paper.
Theorem 1. Every finely homogeneous locally nilpotent derivation of a trinomial algebra is elementary.
For example, all finely homogeneous locally nilpotent derivations of the trinomial algebra R(g) for g = T 01 . . . T 0n 0 + T 11 . . . T 1n 1 + T 21 . . . T 2n 2 are described in Example 2.
Let us start to prove Theorem 1.
The following lemma includes basic properties of locally nilpotent derivations. The proof can be found, for example, in [5, Principle 5 and Corollary 1.20].
Lemma 6. Suppose δ : R → R is a locally nilpotent derivation of a domain R and f, g ∈ R.
Definition 2. Let δ be a derivation of a trinomial algebra R(g). We say that a variable T ij is a non-kernel variable if δ(T ij ) = 0. The exponent l ij of such variable is called a non-kernel exponent.
The following lemma is proved in [6, Lemma 3.4] . For convenience of the reader we give a short proof below.
Lemma 7. Let δ be a finely homogeneous locally nilpotent derivation of an algebra R(g). Then there exists at most one non-kernel variable in every monomial T l i i . Proof. Assume the converse. Then there is a monomial with at least two non-kernel variables. We can assume that these variables are T 01 and T 02 in T l 0 0 . Consider the following Z-grading on the algebra K[T ij ]:
The trinomial g is homogeneous (of degree 0) with respect to this grading, therefore the deg ′ -grading is a well-defined grading on the factor algebra R(g). By Lemma 1, it follows that the derivation δ is deg ′ -homogeneous. We have the following two cases.
Note that T 01 is a unique variable with a positive degree. Hence every monomial in δ(T 01 ) includes T 01 and therefore T 01 divides δ(T 01 ). But δ(T 01 ) = 0 by assumption. This contradicts Lemma 6(a).
2) deg
In the same way, T 02 divides δ(T 02 ) and this contradicts Lemma 6(a).
Proof of the following Proposition is given in [19, Proposition 1].
Proposition 2. Let δ : R(g) → R(g) be a finely homogeneous locally nilpotent derivation. Suppose that δ(T 2 ) is equal to 0, and the assertion follows from δ(g) = δ(0) = 0 in R(g). Hence we can assume without loss of generality that there are three non-kernel variables T 01 , T 11 , T 21 with non-kernel exponents l 01 > 1,
Since g is a homogeneous polynomial with respect to this grading (of degree [0] l 01 ), we get a well-defined grading deg
. Indeed, this inequality implies that the degrees of all monomials in δ(T 01 ) do not equal [0] l 01 , and it is possible only if every monomial includes T 01 (since T 01 is a unique variable with a nonzero degree). On the other hand, the fact that T 01 divides δ(T 01 ) together with δ(T 01 ) = 0 contradicts Lemma 6(a). Thus
Arguing as above, we conclude that T 01 divides δ(T 11 ).
Similarly, T 11 divides δ(T 01 ). This contradicts Lemma 6(b).
The proof of the following proposition is given in the next section.
Proposition 4. Let δ be a finely homogeneous locally nilpotent derivation of a trinomial algebra R(g). Let at least two non-kernel exponents be equal to 1. Then δ(T
2 ) lie in a subspace of R(g) of dimension 1. Proof of Theorem 1. The result follows from Propositions 3, 4, and 2.
Proof of Proposition 4
Recall that an element of polynomial algebra Lemma 9. Let g = x + y + z k . Let ∂ be a locally nilpotent finely homogeneous derivation of the algebra R(g). Then ∂(x), ∂(y), and ∂(z k ) lie in a subspace of R(g) of dimension 1.
Proof. The fine grading in this case is given by
The variety {x + y + z k = 0} in K 3 is isomorphic to the plane K 2 with coordinates y and z, the isomorphism is given by x = −y − z k . Hence we have the corresponding locally nilpotent derivation ∂ of the polynomial algebra K[y, z], which is homogeneous with respect to the grading On the other side, v is irreducible as a polynomial in y and z since it is a variable of K[y, z]. It can be proved that irreducible polynomials in K[y, z], which are homogeneous with respect to (2) , have the form ζy + ξz k , ζ, ξ ∈ K. Thus we get:
where a, b, c ∈ K, m ∈ Z >0 .
Let us calculate ∂(y) and ∂(z k ). Note that for any f ∈ K[y, z]
whence we get ∂(y) = ηξmkv m−1 z k−1 and ∂(z k ) = −ηζmkv m−1 z k−1 . Thus we prove that ∂(y) and
, we conclude that ∂(x), ∂(y), and ∂(z k ) are proportional in R(g).
Now let us reduce Proposition 4 to the previous lemma.
Proof of Proposition 4. Assume that there exist at most two non-kernel variables. Then at least one of δ(T
2 ) is equal to 0, and δ(g) = δ(0) = 0 implies the assertion. Thus without loss of generality it can be assumed that there are three non-kernel variables T 01 , T 11 , and T 21 with non-kernel exponents l 01 = l 11 = 1, l 21 = k.
Let L be the algebraic closure of the field obtained from K by adding all variables from the kernel of δ:
Clearly, this δ is also locally nilpotent. 
we obtain the hypersurface {x + y + z k = 0} ⊆ L 3 and the corresponding locally nilpotent derivation ∂. Notice that
is a well-defined Z-grading on K[T ij ] / (g) since g is homogeneous (of degree k). By Lemma 1, δ is homogeneous with respect to this grading, whence ∂ is homogeneous with respect to
Applying Lemma 9 to the derivation ∂ and the ground field L, we obtain that ∂(x), ∂(y), and
Fix any s, t ∈ {0, 1, 2}, s = t. According to Lemma 10, there exists ℓ ∈ L such that
On the other hand, deg δ(T
Every element of K u v can be written in the form
Since the left side does not depend on T 01 ,
which follows that f 1 and f 2 are proportional with coefficient ℓ as polynomials in two variables. At the same time f 1 , f 2 are polynomials over K. Thus we get that ℓ ∈ K in (3) and (3) holds in
This concludes the proof of Proposition 4.
Roots of trinomial algebras
Let a quasitorus H act on an algebraic variety X. Consider the corresponding grading on K[X]. Recall that a root of X is the degree of a homogeneous locally nilpotent derivation of K[X].
Proposition 5. Let R(g) = K[X(g)] be a trinomial algebra. For any a, b ∈ {0, 1, 2}, a = b, 1 c a n a , and 1 c b n b such that l bc b = 1, denote
Then e ∈ K is a root of X(g) if and only if e ∈ E(T aca , T bc b ).
Proof. According to Theorem 1, we have to find the degrees of elementary derivations. Note that
Every elementary derivation δ has the form hδ C,β , where h is a homogeneous element of Ker δ C,β . By Proposition 1, deg h =
We claim that for any elementary δ = hδ C,β of Type I there is δ 
Then the data C ′ = C, β ′ satisfies the conditions of case (ii), and for δ 1 = T
Note that T We call a set of the form E(T aca , T bc b ) a basic set.
Corollary 1.
For any e ∈ E(T aca , T bc b ) there exists locally nilpotent derivation δ with nonkernel variables T aca , T bc b and deg δ = e.
Proof. The statement follows from (4) and Proposition 1.
The following lemma states that the degree of a locally nilpotent derivation determines a unique variable in every monomial T l i i that can be non-kernel.
Proof. Suppose that c = c ′ . Without loss of generality we can assume that c = 1, c ′ = 2, i = 0. Consider the following Z-grading on the algebra K[T ij ]:
The trinomial g is homogeneous (of degree 0) with respect to this grading, therefore the deg ′ -grading is a well-defined grading on the factor algebra R(g). By Lemma 1, it follows that δ and δ ′ are deg ′ -homogeneous and deg
Note that T 01 is a unique variable with a positive degree. Hence every monomial in δ(T 01 ) includes T 01 and therefore T 01 divides δ(T 01 ). But δ(T 01 ) = 0 since T 01 is non-kernel. This contradicts Lemma 6(a).
Thus, deg ′ δ < 0. By the same reason, deg ′ δ ′ > 0, but they are equal, a contradiction.
Proposition 6. Every e ∈ K belongs to at most three basic sets.
Proof. Let e ∈ E(T aca , T bc b ). According to Corollary 1, there exists locally nilpotent derivation δ with deg δ = e and T aca , T bc b / ∈ Ker δ. By Lemma 11 there is at most one variable T ic i in every monomial T l i i that can be non-kernel for some locally nilpotent derivation with the degree e. Then e can belong only to E( In [12] , homogeneous locally nilpotent derivations for quadrics with a complexity one torus action are described. This description is obtained by applying the technique of proper polyhedral divisors (see [14] and [13] ). We obtain the following statements from Theorem 1 and Proposition 1 (Examples 3, 4) . Let us describe the roots in Example 4. The grading group K is isomorphic to Z 3 , and the grading can be given explicitly via
By applying Proposition 5, one can find the set of roots of the quadric. Namely, it is the union of eight basic sets. Four corner basic sets of the form E(T 0c 0 , T 1c 1 ) consist of all integer points in cones with vertices at (±1, ±1, 0), one of them is shown in Figure 1 . Four lateral basic sets of the form E(T 0c 0 , T 21 ) and E(T 1c 1 , T 21 ) consist of integer points with odd sum of coordinates in cones with vertices at (±1, 0, 0) and (0, ±1, 0), one of them is shown in Figure 2 .
All roots in lateral basic sets except four layers belong to corner basic sets as well (see Figure 3) . Thus, the set of all roots consists of four corner basic sets and four layers between them, it is shown in Figure 4 . Note that every root belongs to at most three basic sets, this agrees with Proposition 6. The degrees of derivations of Type I are the integer points in four 2-dimensional cones with vertices at (±1, ±1, 1), one of them is shown in Figure 5 . Note that every point in this set belongs to three basic sets, but there are other points that belong to three basic sets. This agrees with Remark 1.
Let us give one more application of Theorem 1. It is known that for a commutative K-domain R and locally nilpotent derivations δ 1 , δ 2 on R the condition Ker δ 1 = Ker δ 2 implies h 1 δ 1 = h 2 δ 2 for some h 1 , h 2 ∈ R; see [5, Principle 12] . For trinomial algebras we can prove a more precise statement. Proposition 7. Let R(g) be a trinomial algebra and δ 1 , δ 2 be finely homogeneous locally nilpotent derivations of R(g) with Ker δ 1 = Ker δ 2 . Then δ i = h i δ for some locally nilpotent derivation δ of R(g) and h 1 , h 2 ∈ R(g).
Proof. By Theorem 1, δ 1 and δ 2 are elementary, that is they are of the form hδ C,β for some h ∈ R(g). Since h does not affect the kernel of hδ C,β , it is sufficient to prove that δ C,β is defined by Ker δ C,β up to a constant from K.
First note that the set of variables T ij with δ C,β (T ij ) = 0 uniquely determines the sequence C and the type of the derivation, see Construction 2. Now let us prove that β = (β 0 , β 1 , β 2 ) is defined by Ker δ C,β up to a constant. According to Proposition 1, we have β 1 T are linear combinations of the above elements from Ker δ C,β and hence belong to Ker δ C,β . Since Ker δ C,β is factorially closed, this implies that T ij ∈ Ker δ C,β for any i, j, a contradiction. Thus α 1 T l 0 0 − α 0 T l 1 1 belongs to Ker δ C,β if and only if (α 0 , α 1 ) is proportional to (β 0 , β 1 ). Applying β 2 = −β 0 − β 1 yields that (β 0 , β 1 , β 2 ) is determined by Ker δ C,β up to a constant.
